We consider a qubit initalized in a superposition of its pointer states, exposed to pure dephasing due to coupling to a quasi-static environment, and subjected to a sequence of single-shot measurements projecting it on chosen superpositions. We show how with a few of such measurements one can significantly diminish one's ignorance about the environmental state, and how this leads to increase of coherence of the qubit interacting with a properly post-selected environmental state. We give theoretical results for the case of a quasi-static environment that is a source of an effective field of Gaussian statistics acting on a qubit, and for a nitrogen-vacancy center qubit coupled to a nuclear spin bath, for which the Gaussian model applies qualitatively provided one excludes from the environment nuclei that are strongly coupled to the qubit. We discuss the reason for which the most probable sequences of measurement results are the ones consisting of identical outcomes, and in this way we shed light on recent experiment (D. D. Bhaktavatsala Rao et al., arXiv:1804.07111) on nitrogen-vacancy centers.
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I. INTRODUCTION
When a quantum system is brought into interaction with an environment, correlations between the two are created, leading to decoherence [1, 2] of the system's state -reduced density matrix of a system correlated with an environment has to be more mixed than the initial density matrix describing the isolated system. However, the establishment of such a system-environment correlation also means that performing a projective measurement on the system affects the environment coupled to it [3] [4] [5] . Depending on the nature of established correlations and their dynamics, one can either use the measurements on the system to manipulate the environment [6, 7] , or to diminish one's ignorance about its state [8] [9] [10] . When the intrinsic dynamics of the environment is slow compared to timescales of system's initialization, evolution, and readout, results of subsequent measurements on the system become correlated, and each measurement can introduce further modification (dependent on the measurement result) of the state of the environment.
Qubits interacting with a condensed matter environment are typically most strongly affected by dephasing due to exactly such slow fluctuations of nuclear spins [11] [12] [13] [14] or two-level systems associated with charge dipoles [15, 16] . The possibility of using a qubit as a probe tracking the slowest modes of environmental dynamics was first recognized for spin qubits interacting with nuclear spins of the host semiconductor material [17] , as it was clear that the timescale of intrinsic dynamics of the nuclear bath is orders of magnitude longer than experimentally feasible cycle of qubit's preparation, evolution, and measurement. Various protocols for such a "narrowing" of nuclear state (diminishing the spread of values of nuclear fields affecting the spin qubit) were proposed about 10 years ago [8] [9] [10] , and then further refined [18] . Subsequent breakthroughs in single-shot readout of quantum dot spin qubits enabled observation of enhancement of qubit's coherence times by gathering data on qubit's precession on timescales shorter than the correlation time of the environment [19, 20] , and also by using additional feedback from measurement results to the qubit manipulation protocol [21] .
The effects of environmental state modification induced by even a few measurements on a qubit should be particularly strong for environments consisting of weakly interacting constituents. A nitrogen-vacancy (NV) center in diamond that interacts with nuclear spins of 13 C nuclei (occupying only 1.1% of lattice sites for natural diamond) is a natural candidate for investigation of such effects, as dephasing of NV-based spin qubit can be well described by taking into acccount < 100 nearest nuclei, and the dipolar interactions between the nuclei become relevant only on timescales much longer than that of free evolution dephasing of the NV center qubit [14, 22] . Progress in single-shot readout of NV center qubits at low temperatures [23] allowed for recent measurement [24] of probabilities of obtaining various sequences of results of projective measurements on the qubit that were clearly exhibiting history-dependent (non-Markovian) behavior.
In this paper we consider a recently experimentally implemented protocol [24] , in which a qubit is repeatedly initialized in a superposition state, evolves under an influence of an environment that causes its pure dephasing, and is then subjected to a projective measurement. We focus on the case of an environment that is essentially static during the series of repetitions of preparationevolution-measurement cycle. We formulate the general theory for calculation of probabilities of obtaining all the possible sequences of measurement results, we derive approximate analytical formulas in the case in which the environment is large enough to be treated in a coarsegrained manner -when the spectrum of environmentinduced qubit energy shifts is very dense -and when the initial distribution of these shifts can be assumed to be Gaussian. We apply both the exact and approximate approach to the case of NV center spin qubit interacting with the environment of 13 C nuclear spins. We reproduce the main observation of Ref. [24] that the sequences of identical measurement results are the most probable ones when the evolution time is longer than qubit dephasing time. Derivation of this result shows clearly that such a behavior can be explained by treating the environment as a classical object, and the measurement sequence as a means to decrease the amount of uncertainty in our classical probabilistic description of the state of this object. In other words, in the regime in which the quasi-static environment approximation holds, one can view the qubit as a probe that reveals the pre-existing state of the environment. Finally, we calculate the dephasing the qubit will experience after a sequence of measurements yielded a particular sequence of results. We focus on previously mentioned most probable sequences of identical results, and discuss to what degree they lead to the narrowing of the environmental state, and the resulting enhancement of coherence time of the qubit interacting with an environment post-selected on the basis of obtaining one of such sequences.
The paper is organized in the following way. In Section II we give a general theory for changes of the environmental state due to a cycle of multiple preparations, evolutions, and measurements of a qubit that is coupled to the environment via pure dephasing Hamiltonian. This Section also contain a careful definition of the quasi-static bath approximation, and a discussion of somewhat nontrivial conditions that need to be fulfilled for this approximation to apply to real-life experiments with qubits. Application of this general theory to the NV centers in diamond (and other kinds of spin qubits interacting with nuclear spin environments) is given in Section III. Then in Section IV we the coarse-graining and Gaussian approximations to the description of quasi-static environment and its influence on the qubit. We give there approximate analytical results for probabilities of obtaining of various sequences of measurement results, and show how the distribution of qubit energy shifts caused by interaction with the environment changes after a particular sequence was registered. We compare these predictions results of exact calculations for the case of NV center interacting with the nuclear bath, and show that the Gaussian approximation accounts for all the qualitative features of these results, provided that we consider nuclear environments in which there are no nuclei very close to the qubit. Finally, in Section V we present exact and approximate results for coherence decay after post-selecting the environmental state based on previously obtaine sequence of qubit measurement results.
II. MULTIPLE MEASUREMENTS OF A QUBIT INITIALIZED IN SUPERPOSITION STATE
A. Change in state of environment induced by measurement on a qubit
We consider a qubit (Q) coupled to its environment (E) in such a way that E induces only dephasing of superpositions of qubit's pointer states denotes as |↑ and |↓ . The Hamiltonian of the total Q+E system is given byĤ
whereσ z |↑ / ↓ = ± |↑ / ↓ , Ω is the energy splitting of the qubit,Ĥ E is the Hamiltonian of the environment, andV ↑/↓ describe the qubit-environment coupling. We will discuss qubit's dynamics in rotating frame, as this is the natural frame for discussion of qubit's manipulation and readout when electron spin resonance techniques are used for qubit control. We can then remove Ω splitting from qubit Hamiltonian. One should keep in mind that when we discuss measurement in |±x basis at time t after initialization of the superposition state of the qubit, we refer to |±x states in this rotating frame.
We consider the situation in which the qubit is initialized in a superposition state, taken as |+x ≡ 1 √ 2 (|↑ +|↓ ) here without any loss of generality. It is then brought into contact with E described by density matrix ρ E 0 . This contact lasts for time τ , after which the qubit is subjected to measurement. Since only its coherence (the off-diagonal elements of qubit's density matrix in basis of pointer states) evolves due to interaction with E, we consider measurements of transverse (with respect to quantization axis z) component of qubit's Bloch vector.
It will be convenient to define the environmental evolution operator conditioned on the state of the qubit:
where the label s =↑, ↓ and
We will be interested now not in time-ensemble average of qubit's observables, but in statistics of obtaining a specific string of measurement results. We assume that measurements are projective, described by opera-torsP q = |q q| corresponding to orthonormal basis |q of qubit states. The unnormalized state of Q + E system after obtaining result q of the first measurement is thus given bỹ
and the probability of obtaining this result is given by Tr(ρ S+E 1 ). Asρ S+E 1,q = |q q| ⊗ρ E 1,q we focus now on postmeasurement unnormalized state of the environmentρ E 1,q .
Under these assumptions we can express bothρ E 0 and U ↑/↓ (τ ) using the common set of projection operatorŝ
The E state after the first measurement can now be written as
where
Defining now
we have
The above formulas shows that the post-measurement density operator of E is still diagonal in |α basis. This means that it is invariant under evolution due toĤ E in the absence of the qubit, so thatρ E 1,± (τ, t) =ρ E 1,± (τ ). One could ask now, why we call the environment characterized by the above-introduced conditions "quasi-static", and not simply "static". This is a valid question, to which we will come back in Sec. II D.
Let us also note that if we average the state of E over the results of measurements of the qubit we obtain
where we have used Eqs. (16) and (17) . This means that the normalized state of E after making a measurement on the qubit and discarding its result is the same as the pre-measurement state. This is the essence of the behavior in the quasi-static environment case when multiple measurements on the qubit are considered: making the measurements allows one to learn about the state of E based on obtained results,asρ E 1,x does depend on the result x = ±1, but simply making the measurements on the qubit while discarding their results does not change the environmental state.
We can now easily see that if the unnormalized state of E after n − 1 measurements in given byρ E n−1 , after obtaining ± result in the n-th measurement we obtain the state of E given bỹ
C. Sequential Measurement Protocol
Let us consider n successive measurements on the qubit, each of which takes an outcome from dichotomous alternatives {−x, +x} (projective measurements of |±x states). Let M j = (j) binary denotes a particular measurement sequences labelled by an integer j = 1, . . . , n, in a binary form where the order of measurements runs from last digit to the first one; each digit will be denoted as 0 if the outcome is +x and denoted by 1 otherwise. For example, in the case of 4 measurements M 0 = 0000 represents the sequence of all measurement outcomes are all +x, and M 3 = 0011 represents the sequence of which the first and second measurements' outcomes are −x and the results turn +x at the later steps.
Apart from the description via measurement sequences, which are not naturally ordered, one can adopt a parametrisation using a path length k. For a measurement outcome M j we define its path length k(j) as a summation of 1 inside the measurement sequence's labelling number j. In this representation, using again the example of 4 measurements, M 15 = 1111 corresponds to k(15) = 4, while M 1 , M 2 , M 4 , and M 8 all correspond to k = 1.
We use now Eq. (22) together with (17) for A ± α (τ ) and Eq. (14) for the initial state of E to obtain the (unnormalized) state of E conditioned on n measurements giving M j sequence of results:
with p n,Mj
with the normalized state given byρ E n,Mj = ρ E n,Mj /Tr[ρ E n,Mj ]. The probability of obtaining such a sequence M j is given by
and the probability of observing a sequence with path length k is given by
It is now crucial to note the following fact. The above expressions for P n (M j ) can be obtained using a completely classical model of environment's influence on the qubit. Let us identify the result of measurement of ±x with a coin toss, and the influence of the environmental state α on the qubit with a degree to which the coin is biased. At the beginning of the experiment we draw a biased coin from an ensemble of coins: the only things that we know is a priori probability p (0) α of drawing a coin biased in a particular way. Then we throw the coin n times. Learning the number k of times in which we got the −x result increases our knowledge about which α coin we are dealing with. Formula (24) corresponds exactly to classical Bayesian expression for a posteriori probability of having the α biased coin. The only nontrivial feature of the quantum formulation of this problem is that we can have multiple states |α corresponding to the same "coin bias", i.e. the same values of A ± α (τ ). This happens when ∆ω α τ and ∆ω α τ differ by a multiple of 2π for states |α and |α .
Short evolution times
When τ is shorter than the inverse bandwidth of the environment, i.e. when ∆ω α τ 1 for every α, we easily see that probability of obtaining sequence M j with j > 0 is ∼ x 2k(j) , where x 1 is the maximal value of ∆ω α τ . Consequently, P(M j>0 ) 1. On the other hand, P(M 0 )≈ 1. This fact is not surprising since the unitary evolution of the composite system always approaches identity for very short evolution times.
Long evolution times
Let us assume now that the evolution time τ is much longer than the inverse bandwidth of distribution of ∆ω α energy differences. For a large environment, the number of distinct ∆ω α should be very large, and it should be feasible to work rather work with smooth "density of states" corresponding to a given narrow range of ∆ω: a coarsegrained distribution of ∆ω, discussed in more detail in Sec. IV A. For a reasonably smooth distribution of this kind, and for large τ considered now, the distribution of θ ≡ ∆ω α τ modulo 2π should be approximately flat in θ ∈ [0, 2π] range. In the classical model discussed above, θ is a parameter that controls the degree to which the coin is biased, as the probability of a coin toss to give a "heads" (+x) result is P h = cos 2 θ/2, and for the "tails" probability we have P t = sin 2 θ/2. For flat distribution of θ the probability distribution density of the coin being characterized with b value of P h on the interval (0, 1) is
The above function is shown in Fig. 1 . Clearly, heavily biased coins, tossing of which gives predominantly mostly heads or tails, are the most probable to be picked. This means that for long enough τ , a sequence of measurements on the qubit will give results M 0 (all heads, or +x) or M 2 n −1 (all tails, or −x), with probabilities larger than for any other result.
D. Qubit decoherence without and with postselection
Let us now take a closer look at how the decoherence of the qubit is actually measured. The universally accepted procedure is the following: the qubit is initialized, it evolves under influence of the environment for certain time τ , and then a measurement of, say, itsσ x is performed, and the result is recorded. This has to be repeated n 1 times for each value of τ . The τ dependence of expectation value ofσ x is then widely identified with the real part of decoherence function W (τ ):
in whichρ Q (τ ) is the reduced density matrix of the qubit at time τ , and the last formula in the equation holds for the quasi-static bath that is our focus here. This equation corresponds to dephasing by random unitary (RU) channel, describing the situation in which with probability p (0) α rotation by angle ∆ω α τ about z axis is applied to the qubit. In this expression, the qubit's coherence, obtained by averaging over many repetitions of the initialization-evolution-measurement cycle, is completely determined byĤ ↑/↓ and the initial state of the environment ρ E 0 . It has to stressed that this is by no means obvious that the above expression applies in situation in which measurements on the qubit influence the state of the environment. While a general discussion of conditions under which Eq. (28) describes decoherence is beyond the scope of this paper, we do have to explain when Eq. (29) holds for the quasi-static environment case that is our main focus here.
In the light of results from previous sections that showed how subsequent measurements on the qubit modify the state of the quasi-static environment, the applicability of Eq. (29) should appear doubtful. However, this exact equation has been widely used to describe decoherence caused by the quasi-static environment (see e.g. [12, 15, 16] and references therein) -and it has been done for physically well-motivated reasons. The resolution of the problem lies in precise understanding of why we talk about quasi-static and not simply static environment.
In reality, no environment can strictly fulfill the two conditions given in Sec. II B: in order for the state of the environment to be thermalized (or, more generally, correspond to a probability distribution overĤ E eigenstates), the exact Hamiltonian of the environment,Ĥ exact E has to contain terms that do not commute withĤ E introduced previously. These could describe coupling with the thermal reservoir (e.g. with the crystal lattice in the case of nuclei), or interactions pertaining to E alone -but in both cases the rationale for their omission fromĤ E is that dynamics caused by them is so much slower than the one caused by terms retained inĤ E that it can be completely neglected on timescale τ of evolution of qubit coupled to E.
The conceptually cleanest way to justify the use of Eq. (29) is to assume that qubit evolutions lasting for τ are separated by ∆t waiting times (between measurement and re-initialization) that are long enough for evolution underĤ exact E to bring back E to its previous state. Practically, however, using such a long ∆t is apparently not necessary in many cases. It appears that it is enough for total experiment time (≈ M ∆t where M is the number of measurement and ∆t τ is assumed) to be long enough to guarantee that the dynamics caused byĤ exact E makes E ergodic, and thus the average over the sequence of measurements corresponding to averaging overρ E 0 ensemble, even in the presence of modifications of state of E induced by projective measurements on the qubit. While we cannot precisely delineate here the sufficient conditions for applicability of this approximation, we can state what is necessary for our discussion of sequential measurement protocol to describe a real world scenario.
The theory for environmental state modification discussed in this paper applies to the situation, in which the influence of additional terms fromĤ exact E is negligible on timescale ≈ n(τ + ∆t) of the whole sequence of n measurements. On this timescale the environment is really static, with its state changing only due to our acquisition of new information from measurements on the qubit.
On the other hand, when we will discuss dephasing of the qubit, we will assume that the acquisition of all the data necessary for reconstruction of W (τ ) takes time much longer than the time on which the additional terms inĤ exact E overcome the effect of measurements of the qubit. Then, for purposes of averaging over its influence, the environment can be assumed to be independent of the qubit, and described by its initial thermal stateρ E 0 . This will also apply to discussion of dephasing due to a post-selection of environmental state in Sec. V. We can think about first making n consecutive measurements, characterized by fixed τ and ∆t, and then taking one datapoint for qubit's coherence after time delay τ only after a certain string of measurement results M j , was obtained. The total data acquisition time for such postselected coherence signal, W Mj (τ ), will be ∼ 1/P(M j ) times large than in the previously discussed case of measurement of W (τ ). For such a measurement protocol, the decoherence will be theoretically described by
III. APPLICATION TO A SPIN QUBIT INTERACTING WITH NUCLEAR SPIN BATH
A. NV center spin qubit and its environment Now we consider an example of a qubit interacting with a quasi-static bath. For concreteness we focus on the case of nitrogen vacancy (NV) center surrounded by an environment consisting of N nuclear spins of 13 C, but, as we discuss below, the qualitative results will be the same for a broad class of spin qubits interacting with nuclear baths. A general Hamiltonian of the system [25] readŝ
whereŜ z is the operator of spin 1,Î k j is the operator of the j-th component of nuclear spin 1/2, ∆ 0 is the splitting between m s = 0 and m s = ±1 states, Ω = −γ e B z is the Zeeman splitting of the qubit (γ e = 28.02 GHz/T is the electron gyromagnetic factor and B z is the magnetic field directed along the z axis connecting the N impurity to carbon vacancy), ω = −γ C 13 B z with γ C 13 = 10.71 MHz/T is the Larmor precession frequency of the nuclei, inter-nuclear dipolar interactions are parametrized by B i,j k,l couplings, and A z,j k is the hyperfine interaction between the qubit and k-th spin.
We focus now on the qubit based on |m s = ±1 states of the NV center. This choice will make the subsequent calculations applicable to a wider class of single-electron spin qubits (for which S z is spin-1/2 operator) that interact with a nuclear bath, e.g. those based on III-V compound quantum dots [26] [27] [28] , silicon quantum dots [29] , phosphorous [30, 31] and bismuth [32] donors in silicon, and other color centers in diamond [33] and SiC [34, 35] . The NV system Hamiltonian is then brought in the form of Eq. (1), withĤ E given by terms describing Larmor precession of nuclei and their mutual dipolar interactions, andV
We choose now to rotate about the z axis the coordinate system for each nucleus in such a way that out of two transverse coupling terms, A z,x/y k , only one is nonzero.
where the longitudinal, A z k , and transverse, A x k couplings are given by
with R k being the distance between k th spin and the qubit, θ k thr angle between the vector connecting the k th spin with the qubit and the z−axis, and µ 0 = 4π · 10 −7 N · A 2 a magnetic permeability in vacuum.
The last approximation that we will now make is to disregard the dipolar interactions between the nuclear spins.
For rarely encountered (for natural concentration of 13 C) case of nearest-neighbor nuclei, the timescale of nuclear dynamics is ≈ 1 ms, and for most nuclei the timescale of their precession due to dipolar interactions with the remaining bath spins is much longer. In the following we fill focus on dynamics of the system on much shorter timescales of ∼ 10 − 100 µs, and we will approximate the environment Hamiltonian byĤ E = ω kÎ z k . Consequently, using the notation from Section II, in the rotating frame we haveĤ E = k ωÎ k z , andV s operators given by Eq. (32) .
B. Regimes of applicability of quasi-static bath approach
We will assume that the initial state of the environment is a thermal one. Furthermore, for experimentally relevant temperatures and magnetic fields smaller than ∼ 1 Tesla, one can safely assume that the initial nuclear state is completely mixed:ρ E 0 = I E /2 N for environment consisting of N nuclei.
While it is obvious that [V ↑ ,V ↓ ] = 0 in the considered case, the condition [Ĥ E ,V ↑/↓ ] = 0 requires a more careful discussion.
Zero magnetic field
One situation in which all the conditions for quasistatic character of the bath are fulfilled is the case of zero magnetic field, when ω = 0 makesĤ E , and consequently the above commutator, vanish.
In this case the basis |α consists of products of eigenstates ofV k , from Eq. (33) i.e.
|α ∈
Hence the frequencies defined in Eq. (13) are given by
with σ α (k) = +1 if the k th element in |α is v ↑ k and is equal to −1 otherwise.
Purely longitudinal couplings or high magnetic fields
Another case in which the quasi-static character of the environmental influence on the qubit is obvious is that of purely longitudinal coupling of nuclear spins to the central spin, i.e. A x k = 0, which leads to [Ĥ E ,V ↑/↓ ] = 0.
This applies to systems in which the qubit-nuclear coupling is dominantly of contact hyperfine character, i.e. only A j,j are nonzero, while at high magnetic fields A x,x and A y,y couplings are too small compared to qubit's splitting Ω to visibly affect the dynamics of the qubit and the environment (for discussion of the effect of these couplings on qubit dephasing at magnetic fields that are not high enough to completely suppress them, see e.g. [36] [37] [38] [39] ). We encounter such a situation for qubits based on electrons and holes in quantum dots [13] , and for electrons bound to phosphorous [30, 31] and bismuth [32] donors in silicon (the effects of transverse couplings are visible in Si:P system only for a few nuclei closest to the donor [40] ).
The common basis |α in this case is given by
where |↑ k and |↓ k are eigenstates ofÎ k z . The eigenvalues ofĤ ↑/↓ are
When the transverse components of interactions are nonzero, the projection operatorsP αs from Eq. (6) are distinct for s =↑, ↓, and neither of them projects on the |α states from Eq. (38) . However, for high magnetic fields, for which ω v k for all k, we can still use the common (s-independent) basis |α , with eigenvalues
Here one can see that the purely longitudinal interaction gives the leading term in the approximation
Let us note that in both of the above cases the intermediate evolution (between the measurement and reinitialization of the qubit) can be omitted, since there is simply no evolution due toĤ E in zero field case, and the evolution operator e −iĤ E t in the high field case commutes with the post-measurement density operator of the environment.
Small magnetic fields
Apart from zero field and high field cases, let will briefly discuss the case of nonzero but small fields field.
First we observe that for magnetic field such that v k ω for all k, we can repeat the reasoning from the previous section (only with ω/v k being now the small parameter ), and using the states |α from Eq. (36), defined by coupling operators in zero field case, in expression (16) for the E state after the first measurement, should be a good approximation. However, since the projections onto |α states do not commute with free evolution generated bŷ H E , in order for the intermediate evolution to be negligible we have to assume that the delay between measurement and re-initialization, ∆t is short compared to characteristic timescales of dynamics generated byĤ E . In the case at hand this means ω∆t 1.
For larger magnetic fields, for which it is no longer reasonable to maintain thatP α ↑ ≈P α ↓ , or for longer delays ∆t, there is no preferable basis that is invariant under both the conditional evolution map and the free evolution map. One will have then to deal with nontrivial post-measurement (and conditioned on the outcome if this measurement) evolution of the environment. Collecting a sequence of results of projective measurements does not correspond then to a characterization of a quasistatic environmental state, but it should give information about the dynamics of the environment, and also to the way in which these dynamics are influenced by measurements on the qubit. This interesting topic is however out of our scope of this paper, and in the following we will consider only the zero field and high field cases.
IV. GAUSSIAN APPROXIMATION AND ITS APPLICATION TO THE NV CENTER QUBITS
In this section we will first take a detour from discussion of general model of quasi-static environment, and focus on a Gaussian approximation to the bath state: the case in which tracing over the environmental states |α can be replaced by performing an average over parameter ∆ω having a Gaussian distribution. We will compare the analytical results obtained within this approximation to results of an exact calculation for an NV center interacting with N = 20 nuclear spins, showing that the two approaches agree very well, provided that we look only at the centers that do not have nuclei very close to them. Furthermore, such an approach could be used to described other kinds of environments characterized by slow dynamics that can be neglected on timescale of both free evolution τ and measurement-reinitialization delay ∆t. An example distinct from the nuclear environment case discussed in detail here is an environment that is a source of 1/f charge noise [15] that dephases a qubit endowed with finite electric dipole moment.
A. Gaussian approximation for a spin environment
With number of nuclei N as small as 20 the cardinality of {α}, and consequently the number of possible values of ∆ω α , is of the order 10 6 . In expressions such as (23), (25) , and (30) we are summinng functions of ∆ω α over all possible values of α. Due to the fact that A x/z k couplings quickly decay with nucleus-qubit distance, for any spatial arrangement of the nuclei most of these couplings are much smaller than the value of the largest one of them, and the possible values of ∆ω α are expected to form a rather dense set. This suggests that summation over α could be replaced by integral over a smooth, coarse-grained distribution of ∆ω splittings, even in the case of a rather small nuclear environment.
Let us define equivalent classes of similar values of ∆ω as
where w is a bin-width of appropriate size. For any probability p α that can be written as a function of random variable ∆ω α , one can the practically replace the probability space ({α} , p (∆ω α )) by (B, n (∆ω) p (∆ω)) where B = [min ∆ω α , max ∆ω α ] is a compact subset of R and n (∆ω) is the cardinality of [∆ω] . For the case of completely mixed state of the environment, we have
being a characteristic function of the set [∆ω α ], and one can replace direct counting on {α} by a density n (∆ω) on the interval B. In Figures  Fig. 2 and 3 we show that the the coarse-grained distribution follows a smooth curve for N = 20 nuclei, in both zero and high field (B 0 = 100 mT) cases.
In both Fig. 2 and 3 we are showing distribution of ∆ω obtained for spatial arrangements of the nuclear spins in which no nuclei are located closer than 0.57 nm from the center. This distance was chosen by requesting that no A x/z k coupling is larger than 10% of nuclear Zeeman splitting ω for B = 100 mT, which we use in calculations for the "high field" regime. After such an exclusion of nuclei most strongly coupled to the qubit, for the majority of spatial arrangements of the remaining nuclei, the coarsegrained distribution of ∆ω can be well fit by a Gaussian:
with σ = 2.0 neV in zero field case and σ = 1.4 neV in the high field case for the environment realization illustrated in Fig. 2 . The difference in width of the Gaussians at zero and high fields is due to the fact that while at high fields the contribution of transverse couplings A x k to ∆ω is suppressed, see Eq. (41), at zero field both longitudinal and transverse couplings enter on equal footing the formula for v k and thus for ∆ω, see Eq. (37). However, the above observation does not hold for all the spatial arrangements of nuclei located farther than 0.57 nm from the center. In Figure 3 we present an example of such a spatial arrangement for which, due to the presence of only two nuclei with similar A k located ≈ 0.6 nm from the qubit, the coarse-grained disctribution of ∆ω splittings is clearly of non-Gaussian shape. Gaussian fits (lines). These results are qualitatively representative for NV center not having nuclei closer than ≈ 0.5 nm from it, i.e. for majority of spatial arrangements of the nuclei the distributions are well fit by Gaussians. An example of an outlier spatial arrangement that does not lead to such distribution is shown in Fig. 3 .
Such a result becomes typical when at lest one nucleus is present within the radius of ≈ 0.6 nm from the qubit. For natural concentration of 13 C, the expected number of nuclei inside a ball of ≈ 0.6 nm radius from the qubit is about one. Consequently, the probability of having an NV center without such strongly coupled nuclei in its vicinity is sizable, so it is reasonable to focus on such a class of qubits, the dynamics of which is not dominated by strong effects specific to one or a few proximal nuclei. In fact, when centers strongly interacting with a few proximal nuclei are identified in experiment, for example by observation of prominent oscillations in their free evolution coherence decay, it is more practical to treat the few most strongly coupled nuclei as additional qubits in a multi-qubit register. These spins can be then controlled with rf waves tuned to their precession frequencies that strongly depend on the state of the qubit [23, [41] [42] [43] [44] .
Within the approximation discussed above, in all the expressions involving summation over α states of quantities that depend on ∆ω α , such as Eq. (25) gral over ∆ω of a function of ∆ω multiplied by weighing factor from Eq. (43) . For example, for decoherence function of qubit interacting with the initial equilibrium state of the environment we have
in which the decay time T * 2 = √ 2/σ. In the following throughout the paper, unless stated otherwise, the example of realization of environment with N = 20 nuclei shown in Fig. 2 will be adopted numerically to illustrate the Gaussian approximation, while the A x,z k couplings defining this environment will be used in exact calculations based on formulas from Section II in which summations over all 2 N states |α will be carried out.
B. Probabilities of obtaining various sequences of measurement results
Within Gaussian approximation for the initial state of the environment, the expression for probability of obtaining a sequence of measurement results M j , given by general form from Eq. (25), reads
where n is the number of measurements, and k(j) is the number of "failures" (measurements giving −x result). It is easy to convince oneself that cos 2n τ ∆ω 2 (for j = 0) and sin 2n τ ∆ω 2 (for j = 2 n − 1) have narrower widths and higher amplitudes than these of products cos 2(n−k(j)) τ ∆ω 2 sin 2k(j) τ ∆ω 2 with k = 0, 2 n − 1. By straightforward calculation, the probability to obtain the identical sequences M 0 and M 2 n −1 can be written as
For arbitrary sequence M j one can derive a relation 
where M m j stands for a subsequence of m measurements. These relations confirm again that only the path length k(j) of the measurement sequence affects the probability of obtaining it. An example of probability distribution for n = 4 measurements with τ = 2.7 µs and τ = 13.5 µs is shown in Fig 4. One can see that for short τ , M 0 is the most probable result, as discussed in Sec. II C 1, while for longer τ both M 0 and M 15 are equally probable, as predicted in Section II C 2.
Let us now compare the results obtained with Gaussian approximation with the exact calculations for an environment consisting of N = 20 nuclei located at least 0.57 nm from the qubit. In addition to the nuclear configuration used to obtain the coarse-grained distribution of ∆ω in Fig. 2 , we have investigated four other spatial arrangements of the environment (with nuclear positions randomly generated). For all of them the coherence decay time T * 2 ≈ 2 µs. We have calculated P n (M j ) corresponding to n = 4 for each one of them using Eq. (25) . The results for zero and high field, and for two values of qubitenvironment interaction time τ , are shown in Fig. 5 . The first thing to note is that the differences between results for different environment realizations are almost invisible, especially for longer τ . This shows that for environment consisting of 20 randomly positioned spins, its influence on the qubit is nearly self-averaging: all the "typical" spatial realizations of the environment lead to very similar P n (M j ) that are well-represented by a Gaussian approximation calculation shown in Fig. 4 .
All the features of the results in zero field case are in agreement with experimental study from Ref. [24] . Results in high fields are qualitatively the same. However, as shown in the Fig. 5 , precise characteristics of the behaviour (i.e. probabilities of obtaining each specific M k sequence of measurements) depend on the value of magnetic field, especially for times τ not much longer than T * 2 . Let us also remind that for the described above behavior to be seen in experiment, the measured NV center has to be surrounded by an environment in which there are no nuclear spins with couplings to the qubit that are significantly larger than the maximal couplings of the remaining nuclei (this also means that there should be no strong oscillatory "fingerprints" of such exceptionally strongly coupled nuclei in decoherence signal of the qubit). In the presence of a strongly coupled proximal nucleus (or a few of them), the results for P n (M j ) would exhibit more visible differences between distinct spatial realizations of the environment. Independence of P n (M j ) from the exact positions of the spins in the bath, clearly visible in results for longer τ in Fig. 5 , arises only when we exclude environment containing nuclei in very close vicinity to the qubit. probability n zero field zero field, large n limit high field high field, large n limit n −1/2 FIG. 6. Probabilities of obtaining sequences M0 of identical measurement results (all projections on |+x ) versus number n of measurements for zero field (blue) and high field (red) cases. The symbols correspond to an exact calculation for spatial arrangement of the nuclei used to generate Figs. 2 and 4, and the solid lines are the results of Gaussian approximation in large n limit, Eq. (49). The dashed line shows the prediction of Pn (Mj) ∝ 1/ √ n from Eq. (51) for the high field case.
In the limit of large measurement number n, where the binomial distribution with Bernoulli's probability p = 0.5 above can be approximated by Gaussian distribution, the probability of obtaining M 0 sequence from Eq. (47) can be written as 
while for M 2 n −1 sequence, defining σ 2 ≡ 1 2 ( 1 n + 1 2 σ 2 τ 2 ) −1 , in the same large n limit we get
The latter probability vanishes as τ → 0, and becomes identical to the probability of M 0 result when τ 1/σ. In this limit, we obtain
The predictions of the above formulas for M 0 is compared in Fig. 6 with an exact calculation for one of the previously used spatial arrangements of 20 nuclei. Using the above expressions for large n asymptotics of P n (M 0 ) and P n (M 2 n −1 ), the adaptive probabilities of obtaining |+x result provided that the previous n measurements all gave |+x or |−x are
× exp − (n + 1) π 2 4 + 2 (n + 1) σ 2 τ 2 +
respectively. Note that for large n both these conditional probabilities approach 1. The results for M 0 are shown in Fig. 7 for both an exact calculation and the Gaussian approximation prediction of Eq. (52). Let us introduce now the notion of coarse-grained postselected probability distribution p Mj (∆ω), corresponding to the environment state obtained after a sequence M k of qubit measurements results was obtained. As discussed above, M 0 and M 2 n −1 sequences of identical results are the most probable when τ is longer than T * 2 , or equivalently than 1/σ of the initial distribution of ∆ω. We focus then on one of them, specifically on M 0 , and on initially completely mixed state of environment, for which the coarse-grained distribution of ∆ω is well approximated by a Gaussian with standard deviation σ. Using Eq. (25) with j = 0 we obtain for the post-selected distribution:
The cos 2n τ ∆ω 2 represents a frequency comb with teeth of width ≈ 1/ √ nτ (for large n) and spacing ∝ 1/τ . This is illustrated in Fig. 8 . In panel (a) the evolution time τ is comparable to 1/σ of the initial distribution p(∆ω) , and the distribution p M0 (∆ω) obtained after getting n = 4 results of |+x is characterized by much smaller rms of the central peak. For longer τ , in panel (b) we see the appearance of multiple peaks in p M0 (∆ω). The coherence decay obtained for qubit interating with such post-selected environments will be discussed in Sec. V.
V. DEPHASING AFTER ENVIRONMENTAL STATE POST-SELECTION
In Section IV C we have shown that the state of the environment, post-selected after obtaining one of the most probable sequence of measurements, is described by a distribution of ∆ω frequencies that is characterized by diminished standard deviation -in other words the postselected state is "narrowed" [8, 17] . According to expression (30) , dephasing of the qubit affected by such a post-selected environment should be modified compared to dephasing of the qubit interacting with the environment described byρ E 0 state. Let us demonstrate this behaviour by inspecting the quantity σ x (t) = ReW (t). The imaginary part of W (τ ) is zero for an initial distribution of ∆ω being an even function of ∆ω, which is the case for high temperature of the environment. Using the Gaussian approximation for distribution of ∆ω, we obtain for σ x (t) after n measurements, all giving |+x result,
(55) A straightforward calculation gives then
For n = 0 this is a free induction decay that one can expected from the Gaussian bath, while in the finite n case the decoherence function is a sum of Gaussian profiles with the same width 1/σ (controlled by the initial state of E) but different means (e.g. different values of − (n − r) τ ) determined by the number of measurements n and the duration τ of pre-measurement evolutions. The numerical calculations directly from the distribution over {α} and the corresponding results of Gaussian approximation calculation are shown in Fig. 9 . One can see that both calculations are in good quantitative agreement already for N = 20.. For other sequences M j defining the post-selected environmental state, the decoherence function can be written in the from of combination over M 0 of shorter sequences by the same technique as in Eq. (48), giving
where w n,r,k (t) = 2n l=0 k r
The appearance of alternating sum of different Gaussian functions introduces an oscillation in σ x (t) n signal. With increasing k, the value of σ x (t) n at time t = τ should become progressively closer to −1, as we are postselecting the environmental states that cause the qubit's initial |+x to rotate towards |−x state at this time delay. This is seen in Fig. 10 . Clearly, if our aim is to protect for protect for an enhanced time the initial |+x state of the qubit, we should focus on post-selection following observation of M 0 sequence. Let us also note that if we sum all the coherence signals from Fig. 10 while weighing each by the probability of obtaining the given sequence of n results, we will obtain the signal exactly the same as the n = 0 one from Fig. 9 . This follows from the fact that for the quasi-static environment approximation defined in Sec. II B and used to obtain all the results in this paper, performing n of measurements and not post-selecting based on the obtained sequence of results, leaves the state of the environment unchanged, as follow from Eq. 21.
Finally, let us focus on large-n asymptotics, and discuss it within the Gaussian approximation. For n 1 we can replace summation over r in Eq. (56) by integration, and approximate the binomial coefficient by a Gaussian, arriving at σ x (t) large n (t) ≈ 
where f 2 (n, τ ) = 2/(2 + nσ 2 τ 2 ) appeared previously in expression (49) for P large n (M 0 ). With increasing n and for finite τ the factor f 2 (n, τ ) decreases towards 0 as 1/n. Hence for both large n and N the decoherence function will be approximately constant (and very close to 1) up to t ∝ √ n, and only for longer times t it will exhibit Gaussian decay. The half-decay coherence time T 1/2 , at which W n (1/2) = 1/2, can be estimated as
so that T 1/2 ∝ √ n when στ 1 or when √ nστ 1. The large degree of agreement between this prediction and the exact results for N = 20 nuclei is shown in Fig. 11 .
VI. DISCUSSION AND CONCLUSION
We have presented a simple theoretical approach to calculation of state of a quasi-static environment obtained after getting a particular sequence of results of projective measurements on a qubit that is precessing under the influence of this environment. We have pointed out that for such a quasi-static environment (the definition of which we have carefully discussed), the statistics of measurements is essentially classical: the initial state of the environment determines the probability density of having a qubit behave in a certain way (precess with a certain angular frequency), and a sequence of measurements on a qubit repeatedly re-initialized in the same state progressively diminishes our ignorance of which exact environmental state we are dealing with. For long qubit evolution times (longer than the inverse bandwidth of the initial environmental state), the most probable sequences are the ones in which the same result appears repeatedly. For n measurements, they appear with probability ∝ 1/ √ n. After recording such a sequence, the environment is in a "narrowed" state of diminished uncertainty in the field exerted on the qubit that leads to a slowed-down decay of fidelity of qubit state if the qubit is initialized again in the same initial state as the one used for the n-measurement sequence. The enhancement of fidelity decay time is by a factor ∝ √ n compared to decay observed without any post-selection. If our goal is to make a particular superposition state of the qubit more resistant to environmental influence, such a simple post-selection procedure is an optimal strategy if we do not want to use feedback schemes [18, 21] that are much harder to implement than simply repeating the same sequence of qubit intialization-evolution-measurement a few times. While the √ n factors in probability of obtaining one of the "extremal" sequences of measurement results and in enhancement of coherence time balance each other out, the possibility of obtaining a visible increase in free evolution coherence time with little overhead cost could be useful in some cases, e.g. when a qubit state with enhanced fidelity in a finite time-window is needed for a specific purpose, and we do not have to fulfill strict criteria of having this qubit on-demand, i.e. if we can tolerate a non-deterministic time delay associated with proper "narrowing" of qubit's environment. For all the relevant quantities (probabilities of various sequences, post-measurements states of environment), we have given both general formulas, and approximate ones, valid when the distribution of qubit energy shifts due to environment can be approximated by a Gaussian one. We have discussed to what degree such a Gaussian approximation applies to an NV center spin qubit interacting with a nuclear spin bath. For such a qubit we have presented exact numerical results, showing very good agreement with recent experiments [24] .
